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Abstract 

We investigate the poset (P(X)U{0}, c), where P(X) is the set of isomorphic 
suborders of a countable uhrahomogeneous partial order X. For X different 
from (resp. equal to) a countable antichain the order types of maximal chains 
in (P(X) U {0}, c) are characterized as the order types of compact (resp. 
compact and nowhere dense) sets of reals having the minimum non-isolated. 
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1 Introduction 

The general concept - to explore the relationship between the properties of a re- 
lational structure X and the properties of the poset P(X) of its isomorphic sub- 
structures - can be developed in several ways. For example, regarding the forcing 
theoretic aspect, the poset of copies of each countable non-scattered linear order 
is forcing equivalent to the two-step iteration of the Sacks forcing and a cj-closed 
forcing ||9l, while the posets of copies of countable scattered linear orders have 
fj-closed forcing equivalents (separative quotients) flOl . 

Regarding the order-theoretic aspect, one of extensively investigated order in- 
variants of a poset is the class of order types of its maximal chains El |5l |6l [HI 
and, for the poset of isomorphic suborders of the rational line, (Q, <q), this class 
is characterized in ||8]. The main result of the present paper is the following gener- 
alization of that result. 

Theorem 1.1 If X is a countable ultrahomogeneous partial order different from 
a countable antichain, then for each linear order L the following conditions are 
equivalent: 

(a) L is isomorphic to a maximal chain in the poset (P(X) U {0}, c); 

(b) L is an M-embeddable complete linear order with Ol non-isolated; 

(c) L is isomorphic to a compact set A' C M such that Ok G K'. 

If X is a countable antichain, then the corresponding characterization is obtained 
if we replace "complete" by "Boolean" in (b) and "compact" by "compact and 
nowhere dense" in (c). 
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So, for example, there aie maximal chains of copies of the random poset isomorphic 
to (0, 1], to the Cantor set without 0, and to a*, for each countable limit ordinal a. 
Although it is not a usual practice, we start with a proof in the introduction. The 
equivalence of (b) and (c) is a known fact (see, for example. Theorem 6 of [8l) 
and the implication (a) (b) follows from the general result on ultrahomogeneous 
structures given in Theorem l2.2l of the present paper. Thus, only the implication 
(b) =^ (a) remains to be proved. Naturally, we will use the following, well known 
classification of countable ultrahomogeneous partial orders - the Schmerl list |[T3l : 



Theorem 1.2 (Schmerl) A countable strict partial order is ultrahomogeneous iff it 
is isomorphic to one of the following partial orders: 

A;^, a countable antichain (that is, the empty relation on w); 

Mn = n X Q, for 1 < n < uj, where {ii,qi) < («2, ^2) h = 12 ^ Qi <Q q2', 

Cn = n X Q, for 1 < n < (J, where {ii,qi) < (^2,^2) <^ Qi <Q 52; 

D, the unique countable homogeneous universal poset (the random poset). 

For the antichain the implication (b) (a) follows from Theorem 1 1.41 and the 
fact that P(Aa;) = [u]^ is a positive family. The most difficult part of the proof of 
(b) =^ (a) - for the random poset ID - is given in Section ID In Sections [5] and [6l 
using the constructions from ||8], we prove (b) (a) for the posets B„ and C„. 

The rest of this section contains two facts which will be used in the sequel. We 
remind the reader that a linear order (L, <) is called Boolean iff it is complete (has 
0,1 and has no gaps) and has dense jumps, which means that for each x,y G L 
satisfying x < y there are a, 6 G L such that x < a < b < y and (a, 6)^ = 0. 

Fact 1.3 Each countable complete linear order is Boolean. 

We recall that a family V C -P(w) is called a positive family iff: 
(PI) $^V; 

(P2) 'P3AcBcuj^BeV; 
(P3) AeV A\F\ <u; ^ A\F G V; 
(P4) BAeV \uj\A\ = uj. 

Theorem 1.4 ([7]) If "P C P(a;) is a positive family, then for each linear order L 
the following conditions are equivalent: 

(a) L is isomorphic to a maximal chain in the poset {V U {0}, c); 

(b) L is an M-embeddable Boolean linear order with Ol non-isolated; 

(c) L is isomorphic to a compact nowhere dense set K C M such that Oa' G K'. 
In addition, (b) implies that there is a maximal chain £ in ("P U {0}, c) satisfying 
n(>C \ {0}) = and isomorphic to L. 
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2 Copies of countable ultrahomogeneous structures 

Let L = {Ri : i G /} be a relational language, where ar(i?j) = ni, i ^ I. An 
L-structure X = {X, {pi : i G /}) is called countable iff \X\ = u).\f A <Z X, then 
{A, {{pi)A '■ i G I}) (shortly denoted by {A, {pi : i G /}), whenever this abuse 
of notation does not produce a confusion) is a substructure of X, where {pi)A = 
Pi n A^\ i ^ I. If Y = {Y,{ai : i G /}) is an L-structure too, a mapping 
/ : X — > y is an embedding (we write X ^ j Y) iff it is an injection and 

Vi G / V(xi,...x„J G {{xi,...,Xn,) €pi^ (/(xi), . . . , G di). 

If X embeds in Y we write X Y. Let Emb(X, Y) = {/ : X Y} and 
Emb(X) = {f : X ^ f X}. If, in addition, / is a surjection, it is an isomorphism 
(we write X = j Y) and the structures X and Y are isomorphic, in notation X = Y. 

A finite isomorphism of X is each isomorphism between finite substructures of 
X. A structure X is ultrahomogeneous iff each finite isomorphism on X can be 
extended to an automorphism of X. The age of X, Age X, is the class of all finite 
L-structures embeddable in X. We will use the following well known facts from 
the Fraisse theory. 

Theorem 2.1 (Fraisse) Let L be an at most countable relational language. Then 

(a) A countable L-structure X is ultrahomogeneous iff for each finite isomor- 
phism if of X and each x € X \ dom ip there is a finite isomorphism tjj of X 
extending (ptox (see H p. 389 or H p. 326). 

(b) If X and Y are countable ultrahomogeneous L-structures and Age X = 
Age Y, then X ^ Y (see [3] p. 333 or [4J p. 326). 

Concerning the order types of maximal chains in the posets of the form (P(X), c), 
where X = {X, {pi : i G /}) is a relational structure and P(X) the set of the 
domains of its isomorphic substructures, that is 

P(X) = {ACX:{A, {{pi)A : i G /}) ^ X} = {f[X] : / G Emb(X)} 

we have the following general statement. 

Theorem 2.2 Let X be a countable ultrahomogeneous structure of an at most count- 
able relational language and P(X) ^ {X}. If £ is a maximal chain in the poset 
(P(X)U{0},c),then 

(a) C is an R-embeddable complete linear order with Oc{= 0) non-isolated; 

(b) If there is a positive family V C P(X), then for each countable linear order 
L satisfying (a), there is a maximal chain in (P(X) U {0}, c) isomorphic to L. 

Proof, (a) First we prove that 



\JAe P(X), for each chain A in the poset (P(X), c). (1) 
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Let if be a. finite isomorphism of |J ^ and x ^ [jA. Since ^ is a chain there is 
A ^ A such that dom ip U ran ipU{x} C A. Since ^ = X, by Theorem l2.1t a) there 
isy £ A such that tp = 9? U { (x, y) } is an isomorphism so is a finite isomorphism 
of U^. Thus, by Theorem 12. If a), the structure is ultrahomogeneous. Since 
X = Ac\JAcXwe have Age X = Age A C Age \JA C Age X, which, by 
Theorem HHb), imphes U ^ = X, that is U -4 e P(X). 

Let X = {xn : n G (x)} be an enumeration. Since C C [X]'^ U {0}, the function 
/ : £ ^ M defined by f{A) = ^^^^ 2"" • XA{xn) (where XA ■ X ^ {0, 1} is the 
characteristic function of the set A C X)is an embedding of {C, c) into (R, <k). 

Clearly, min £ = and max C = X. Let {A, B) be a cut in C.\fA= {0} then 
max^ = 0. If ^ / {0}, by © we have [jA(^ P(X) and, since Ac[]A<Z B, 
for each A G A and B G B, the maximality of £ implies |J ^ € £. So, if 
[JAeA then max^ = U-^- Otherwise [jA £ B and minB = \JA. Thus 
(£, C) is complete. 

Suppose that A is the successor of in C Since P(X) 7^ {X} there is i? G 
P(X) \ {X} and, if / : X ^, then f[B] € P(X), £ A and, hence, 

£ U {/[i?]} is a chain in P(X). A contradiction to the maximality of C. 

(b) By Fact ll.3[ L is a Boolean order and, by Theorem 11.41 in the poset {V U 
{0}, C) there is a maximal chain C isomorphic to L and such that \ {0}) = ^■ 
Now, £ is a chain in (P(X) U {0}, c) and we check its maximality. Suppose that 
£ U {A} is a chain, where A G P(X) \ C. Then A ^ S" or S" ^ ^, for each 
5 G £ \ {0} and, since f]{C\ {0}) = 0, there is S G £ \ {0} such that 5 C .4, 
which implies A gV. But £ \ {0} is a maximal chain in V. A contradiction. □ 

Remark 2.3 Concerning the assumption P(X) 7^ {X} we note that there are 
countable ultrahomogeneous structures satisfying P(X) = {X} (see 111, p. 399). 

For 1 < n < uj the set F{Cn) does not contain a positive family, since (P3) is 
not satisfied. Namely, if ^ G P(Cn) and x £ A, then A \ {x} is not a copy of C„ 
(one class of incompatible elements is of size n — 1). 

For some cj-saturated, w-homogeneous-universal relational structures the im- 
plication (b) (a) of Theorem 11.11 is not true. Let L be the language with one 
binary relational symbol p and T the L-theory of empty relations (Vx, y -< x p y). 
Then X = {u, 0) is the a;-saturated model of T. But P(X) = [uj]'^ is a positive 
family and, by Theorem 11.41 maximal chains in P(X) U {0} are Boolean. Thus, for 
example, P(X) U {0} does not contain a maximal chain isomorphic to [0, 1]k- 

3 Copies of the countable random poset 

Let P = (P, <) be a partial order By C(P) we denote the set of all triples (L, G, U) 
of pairwise disjoint finite subsets of P such that: 

(CI) V/ eiygeG l < g, 

(C2) \/u£Uyi£ L < / and 

(C3) yueUVgeG ^g<u. 
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For {L, G, U) G C(P), let P{l,g,U) be the set of all p G P \ (L U G U C/) satisfying: 

(51) V/ eLp>l, 

(52) yg £ G p < g and 

(53) yu G U p\\u (where p\\q denotes that p ^ q A -^p < q A -tq < p). 

Fact 3.1 Let P = (P, <) be a partial order and / A C P. Then 

(a) C{A, <) = {(L, G, U) G C7(P) : L,G,U C A}; 

(b) A{L,G,u) = P{L,G,u) n A, for each (L, G, [/) G C{A, <). 

(c) (0,0,0) GC(P)andP(0,0,0) =P. 

Proof. For pairwise disjoint sets L,G,U C Awe have: LxG C < iff LxG C <a 

and (([/ X L) U (G X [/)) n < = iff {{U x L) U (G x n <a = 0- □ 

Fact 3.2 A countable strict partial order B = (Z), <) is a countable random poset 

iff ^(L,G,c/> / 0> for each (L, G, [/) G G(D) (see lH). 

Lemma 3.3 Let D = (D, <) be a countable random poset. Then 

(a) D{L,G,U) G and, hence, |£'(l,g,c/> I = ^, for each (L, G, ?7) G G(B); 

(b) P> \'P G P(D), for each finite F C D; 

(c) If P) = A U P, then either ^ or P contains an element of P(D); 

(d) If £ C F(B) is a chain, then [JCe P(D); 

(e) If G C P and A ^ G for each A G P(D), then P \ G G P(D). 

Proof, (a) Let (L, G, P) G G(D). Then L, G and P are disjoint subsets of P, 

yi € L yg G G e U {u ^ I < g ^ u), (2) 

and P(L,G,{/) n (P U G U P) = 0. Let (Li,Gi,Pi) G G(P(i,G,i/))- Then Pi, 
Gi and Pi are disjoint subsets of P(l^g,!7> and, by Fact 13. 1[ (Pi, Gi, Pi) G G(D) 
which implies 

V/i G Li V51 G Gi Vui G Pi (ui ^ /i < 51 m). (3) 

Since Li U Gi U Pi C P(l,g,c/>. by (S1)-(S3) we have 

Vx G LiUGiUPi V/ G L Vc/ G G Vu G P (/ < x < c/Ax ^ uAu ^ x). (4) 

First we show that (L U Pi, G U Gi, P U Pi) G G(B). (CI) Let T G P U Pi and 
5' G G U Gi. Then /' < g' follows from: ©, if I' e L and 5' G G; ©, if 1' G Pi 
and 5' G Gi; dH), if G L and 5' = x G Gi or /' = x G Li and g' G G. (C2) 
Let /' G P U Pi and n' G P U Pi. Then n' ^ I' follows from: ©, if I' £ L and 
u' G P; dS), if r G Pi and u' G Pi; (01), if G P and u' = x G Pi (since 1' < u') 
or r = X G Li and u' G P. In the same way we prove (C3). 

So there is x G P(luLi,guGi,i/uc/i)> which implies x G P(l,g,c/) nP(Li,Gi,c/i) 
= iP'{L,G,u)){Li,Gi,Ui) (Fact 13. lb . Thus Di^i^ q u^^ is a random poset and, hence a 
copy of D. 
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(b) Let (L, G, U) G C{D \ F). By FactOwe have {L, G, U) G C(B) and, 
by (a), / (Z) \ F) n i?(L,G,t/> = {D \ F)/^l^g,U)- Thus \ F is a copy of D. 

(c) Suppose that P{A) n P(D) = 0. Then A ^ P(D) and, hence, there is 
{L, G, U) G C{A) such that ^(l,g,i/> = D(^l^g,u) n A = 0. By FactOwe have 
(L, G, ?7) G C(D) and, by (a), P(b') 3 Di^l,g,U) C 5. 

(d) See ([B in the proof of Theorem 12.21 

(e) Let (L, G, C/) G C{D \ C). Then, by FactO {L, G, C/) G G(B) and, by 
(a), D(^i^ Q u^ G F(P). By the assumption we have D(^i^ q ij\^ n (D \ G) / and, 
by Fact|XT] {D \ C)(^l,g,U) / and L» \ G is a random poset. □ 

Lemma 3.4 Let B = {D, <) be a countable random poset, G G [-D]'^ and A C 
for each A G P(D) (for example, G can be an infinite antichain). Then 

(a) V = {B C D : D \ C C* B} C P(B); 

(b) P is a positive family on D. 

Proof, (a) Suppose that ^ C -D \ for some A G P(D). Since D\C C* Bv/e 
have D\B C* C and, hence, A C* G, that is [vl \ G| < u. By Lemma[331;b), 
AnC = A\{A\C) G P(1D)), which is not true. So D\B does not contain copies 
of B and, by Lemma|331;e), B G P(B). 

(b) Conditions (PI) and (P2) are evident. If D\C C* B and |F| < w, then, 
clearly, D \ G C* B \ F and (P3) is true. Since the set D \ G is co-infinite (P4) is 
true as well. □ 

Lemma 3.5 Let A C B C io and let L be a complete linear ordering, such that 
l-B \ yl| = \L\ — 1. Then there is a chain C in [A, S]p(^) satisfying A, B ^ C = L 
and such ihat[jA,f]B e Cand\f]B\[jA\ < 1, for each cut {A, B) in C. 

Proof. If \B \ A| is a finite set, say B = A\J {ai, . . . On}, then |L| = n + 1 and 
C = {A, A U {ai}, A U {ai, 02}, . . . , -B} is a chain with the desired properties. 

If |Z?\ A| = w, then L is a countable and, hence, M-embeddable complete linear 
order. It is known that an infinite linear order is isomorphic to a maximal chain in 
P{u}) iff it is M-embeddable and Boolean (see, for example, d)- By Fact II. 41 L is 
a Boolean order and, thus, there is a maximal chain Ci in P{B \ A) isomorphic to 
L. Let £ = {A U G : G G Ci). Since 0, B \ ^ G £1 we have A,B e C and the 
function f : Ci ^ C, defined by /(G) = A\JC, witnesses that {Ci, Q = {C, Q 
so C is isomorphic to L. For each cut {A, B) in Ci we have |J ^ C H ^^i^' by 
the maximality of Ci, |J ^, Q S G £1 and | H \ U -^I ^ 1- Clearly, the same is 
true for each cut in C. □ 

4 Maximal chains of copies of the random poset 

Theorem 4.1 For each M-embeddable complete linear order L with l non-isolated 
there is a maximal chain in (P(B) U {0}, c) isomorphic to L. 
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Proof. By Lemma [34l and Theorem 12.21 it remains to prove the statement for un- 
countable L's. So let L be an uncountable linear order with the given properties. 

Claim 4.2 L ^ Exg[-oo,oo] where 

(LI) Lx, X G [— oo, oo], are at most countable complete linear orders, 
(L2) The set M = {x G [— oo, oo] : \Lx\ > 1} is at most countable, 
(L3) l-L-ool = 1 or OL_ao is non-isolated. 

Proof. L = Yliei where Lj are the equivalence classes corresponding to the 
condensation relation ~ on L given by: x ^ y <^ |[min{a;,y},max{x,y}]| < ui 
(see [12]). Since L is complete and M-embeddable I is too and, since the cofi- 
nalities and coinitialities of Lj's are countable, / is a dense linear order; so / = 
[0, 1] = [—oo, oo]. Hence Lj's are complete and, since minLj ~ maxLj, count- 
able. If \Li\ > 1, Li has a jump (Fact[T31) so, L ^ R gives \M\ <uj. □ 

Case I: — oo ^ M 3 oo. First we take the rational line (Q, <q) and construct a set 
< C such that (Q, <l) is a random poset with additional, convenient properties. 
Let P be the set of pairs p = {Pp, <ip) satisfying 
{i)Pp G [Q]<-, 

(ii) <]pC Pp X Pp is a strict partial order on Pp, 

(iii) <Q extends <\p, that is Vgi, q2 G Pp (qi <\p q2 =^ qi <q 92), 
and let the relation < on P be defined by: 

P<q<^ Pp:^ Pq ^<p r){Pg x Pq) =<g . (5) 



Claim 4.3 (P, <) is a partial order. 

Proof. The reflexivity of < is obvious. If p < q < p, then Pp = Pq and, hence, 
<lp = <lp n {Pp X Pp) = <p n {Pq X Pq) = <iq so p = q and < is antisymmetric. 
If p < q < r, then Pp D Pq D Pr and, consequently, <lp n {Pr x P^) = 

<\p n {Pq X Pq) n {Pr X Pr) = <iq D {Pr X P,.) = ThuS p<r. □ 

Claim 4.4 The sets = {p G P : g G Pp}, g G Q, are dense in P. 

Proof. If p G F \'Dq, that is q ^ Pp, then <ip is an irreflexive and transitive 
relation on the set Pp and on the set Pp U {q} as well. Also <ip C<q thus pi = 
{Pp U {q}, <\p) G P. Thus pi G Vq and, clearly, pi < p. □ 

Let Q = J U Uj/gM '^y ^ partition of Q into |M| + 1 dense subsets of Q. For 

{L,G,U) G ([Q]<-)3 \ {(0,0,0)}, let m^i,G,c/> =max^Q,<^)(LuGUC/). 
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Claim 4.5 For each {L, G, U) G ([Q]<'^)^ \ {(0, 0, 0)} and each m E N the set 
T^{L,G,U),m is dense in P, where 

'Di^L,G,U),m = {pe¥:LUGUU CPp A (^{L,G,U) <^C{p) 

V (G/0Ap(i,G,c/>n J/0) 

V (G = ^Ap(L,G,U) n {m(^L,G,U),m(^L,G,U) + n J 0))}. 

Proof. Let p' £¥\ X'(L,G,c/>,m- By Claim |44l there is p € P such that p < p' and 

L U G U P C Pp. If {L, G, U) C{p) then p G V^L^G,u),m and we are done. If 

{L,G,U)eC{p), (6) 

then we continue the proof distinguishing the following two cases. 

Case 1: G 7^ 0. Let us define max^Q ^-^^^ = —00. By ^ and (CI) for 

p, if L / 0, then max(Q <^j) L <]p min(Q_<Q) G and, by (iii), max(Q^<Q) L <q 
min^Q G. Now, since J is a dense set in (Q, <q) we choose 

q G (max(Q^<^) L, min(Q_<^j) G)nJ\Pp (7) 

and define pi = {Pp U {q}, <lp^) where 

<Pi = <p U {(x, q) -.BleL x<pl}U {{q, y) : 3g e G g <p y}. (8) 

First we prove that pi G P. Clearly, pi satisfies condition (i). 

(ii) Since <ip is an irreflexive relation and, by (|7J, q Pp, by dD the relation 
<lp^ is irreflexive as well. 

Suppose that <lpj is not asymmetric. Then, since <lp is asymmetric, there is 
t G Pp such that {t, q), {q, t) G <ip-^ and by dSJl, g <p t <p I, for some / G L and 
g ^ G which, by the transitivity of <p implies g <p I. But, by ^ and (CI) we 
have I <lp g. A contradiction. 

Let (a, 6), {b, c) G <p^. Then, since the relation <lp^ is irreflexive and asym- 
metric, we have a ^ b ^ c ^ a. If q ^ {a,b, c}, then (a, c) G <lp^ by the 
transitivity of <lp. Otherwise we have three possibilities: 

a = q. Then (6, c) G <lp and there is g G G such that g <p b. Hence g <ip c 
which, by ([8]l, implies {q, c) G Op^, that is (a, c) G <lpj. 

b = q. Then there we. I ^ L and g £ G such that a <p ^ and 51 <p c. By (CI) 
we have / <lp g and, by the transitivity of <lp, a <lp c and, hence, (a, c) G <lpi. 

c = q. Then (a, 6) G <lp and there is / G L such that b <p I. Hence a <lp / 
which, by (H), implies (a, q) G <lpi, that is (a, c) G <lp^. 

(iii) Since p G P, we have Op C<q. If (x, G <lpi and / G L, where x <p 
then, since <lp satisfies (iii), we have x <q I. By ([T]) we have / <q q and, thus, 
X <Q q. In a similar way we show that {q, y) G <\p^ implies q <q y. 

Thus pi G P, Ppi D Pp D L U G U [/ and, by dUl, <p, n (Pp x Pp) = <p, 
which implies that pi < p {< p'). So p is a suborder of pi and, by (|6]l and Fact 



Maximal chains of isomorphic suborders of countable ultrahomogeneous ... 9 



EU (L, G, U) G C{pi). Since G / and g G J, for a proof that pi G V(^L^G,U),m 
it remains to be shown that q G (pi)(l,g,i/)- By ([8]l I <\p^ q <lp^ for each / G L 
and 5 G G, so (SI) and (S2) are true. For u £ U, (u, q) G <lp^ would give / G L 
satisfying u <p I and, since U H L = ^, u <ip I, which is impossible by Q and 
(C2). Similarly, {q, u) G <p^ is not possible and, thus, q \\p^ u and (S3) is satisfied. 

Case 2: G = $. Again, since J is a dense set in the linear order (Q, <q) we 
choose 

(m(i^G,(7>,"^(L,G,(7> + ^)n J\Pp (9) 
and define pi = {Pp U {g}, <\p^), where 

<pi = <lp U {(x, q) :3l e L x <p I}. (10) 

First we prove that pi G P. Clearly, pi satisfies condition (i). 

(ii) By I© we have q ^ Pp so, by ( fTOl ) the relation <lp^ is irreflexive. 

Let (a, 6), (6, c) G <lpi. If g {a,b,c}, then (a, c) G <lpi by (fTOl) and the 
transitivity of <lp. Otherwise, by ([TOl l again, a,h ^ q and, thus, c = q. Hence there 
is Z G L such that b <p I. Since a,b ^ q, by (ITOl ) we have a <p 6 and, hence a <lp Z, 
which implies (a, G <ip^, that is (a, c) G <lpi. 

(iii) Since p G P, we have <lp C<(q. If (x, q) G <p^ and Z G L, where j; <p I, 
then, since <p satisfies (iii), we have x <q I. By ^ we have / <(q rni^i^ Q jj-^ <Q 9 
and, thus, x <q g. 

Thus pi G P. As in Case 1 we show that LUGUU d Pp^,pi <p{<p') and 
(L, G, [/) G G{pi). By Q and since G = 0, for a proof that pi G 'D(^i^G,U),m it 
remains to be shown that q G (pi)(l,g.(7>- ('^2) is trivial and, by (ITOl ). for Z G L we 
have (Z, g) G <p^ thus (SI) holds as well. Suppose that q \\p^ u, for some u £ U. 
Then, by ^ and (ITOl) . (u, g) G <lp^ and, hence, there is Z G L satisfying u <lp I, 
which is impossible by (O and (C2) for p. So (S3) is true. □ 

By the Rasiowa Sikorski theorem there is a filter Q in (P, <) intersecting the sets 

Vg, q G Q, and Vf^L,G,UWm, {L, G, U) G ([Q]<")3, m G N. 

Claim 4.6 (a)Upgg^p = Q; 

(b) <= Upgg <lp is ^ strict partial order on Q; 

(c) < n (Pp X Pp) = <\p, for each p G t?; 

(d) <Q extends <l, that is Vgi, q2 & Q {qi < q2 ^ Qi <Q 92)- 

Proof, (a) For g G Q let po e Q n V^. Then q G Pp, C Up^g Pp- 

(b) The relation <l is irreflexive since all the relations <lp are irreflexive. 

Let (a, 6), (6, c) G <1, (a, 6) G <lpi and (6, c) G <lp2 , where pi , p2 £ ^- Since ^ 
is a filter there is p £ Q such that p < pi,P2, which by ^ implies <lp^ , <ip,., C <p. 
Thus (o, b), {b, c) G <lp and, by the transitivity of <p, (a, c) G <lp C <l. 

(c) The inclusion "D" follows from (ii) and the definition of <l. If (a, b) G 
< n (Pp X Pp), then there is pi £ Q such that (a, 6) G <ip^ and, since is a filter, 
there is p2 £ Q such that p2 < By ([5]) we have <lpj C <lp2, which imphes 
(a, 6) G <lp2 and, by ((S]) again, (a, 6) G <lp2 n (Pp x Pp) = <lp. 
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(d) If (gi, 92) e < and p G ^ where (gi, 52) e Op, then by (hi), qi <q ^2- ^ 

Claim 4.7 (a) {A, <) is a random poset, for each x € (—00, 00] and each set A 
satisfying 

(-oo,x) n J C A C (-oo,x) nQ (11) 

(b) If J C A C Q then {A,<i) (in particular, (Q, <)) is a random poset. 

(c) If C C Q and max^Q ^^^^ C exists, then (C, <) is not a random poset. 

Proof, (a) By Claim l46lb). {A, <\) is a strict partial order. Let {L, G, U) G 
C{A, <). Then 

LUGUC/CA A Lr\G = Gr\U = U nA = %, (12) 
V/ G L G G Vn G [/ ((/,(/) G < A (n,/) < A (c;,^) <). (13) 

We show that {A, <){l,g,U) / 0- For {L, G, U) / (0, 0, 0) we have two cases. 
Case 1: G / 0. Letp G ^ n P(l,g,c/),i- Then 

L U G U [/ C Pp. (14) 

First we show that (L, G, C/) G G{p). Let I e L, g e G and u e U. By ([T3]l, (O 
and Claim |4T6l c) we have {l,g) G <lp and (CI) is true. Since <lp C <l by ( [T3] ) we 
have (u, /) ^ <lp and u) ^ <lp and (C2) and (C3) are true as well. 

Sincep G I^(l,g,(7>,i there isg G P{l,g,U)^J- We prove thatg G (A, <)(l,g,i/)- 
For a (7 G G we have q <p g and, by (iii), g <q 5. By ([TT]) and ([T2l) we have 
5 G G C C (— oo,x) and, hence q <q g <]r x, thus q G (— oo,x) Pi J C ^. 
Let I e L, g ^ G and u & U. Since g G P{l,g,U) we have I <]pq <ipg and <lp C < 
implies Z <l g < f^. Thus (SI) and (S2) are true. Suppose that q ||(a,<i) u. Since 
q ^ U we have q ^ u and, hence, g <l n or u < g. But then, since u,q £ Pp, 
by Claim I4.6f c) we would have q <ip u or u <ip q, which is impossible because 
q G P{L,G,U)- So (S3) is true as well. 

Case 2: G = 0. By (dB and ^ we have L U G U C/ C (-00, x), which 
implies m(^i^G,U) < ^ and, hence, there is m G N such that 

'm{L,G,u) + ^ (15) 

Let p ^ Q n 'Di^i Q ij^ ,^. Then (fT4l) holds again and exactly like in Case 1 we 
show that {L, G, U) G C{p). Thus, since p G V(^i^G,U),m there is g G P(l,g,U) 
{^{L,G,U),T^{L,G,U) + ^) n J and, by ([l5]l, q e J n (-00, x). Thus, by (HB, 
g G ^ and exactly like in Case 1 we prove that q G {A, <\)i^l,g,U)- 

(b) Follows from (a) for x = 00. 

(c) Suppose that max^Q C = q and that (G, <l) is a random poset. Then 
C({g},0,0) / and, by (SI), there is gi G G such that q < qi, which, by Claim 
I4.6f d) implies g <q gi. A contradiction with the maximality of q. □ 

For y G M let us take ly G [Jj; n (-00, y)]'-^"'"^ and define A_oo = and 
= (-/ n (-00, x)) yj[jy(zMn(-oo,x)Iy^ forx G (-00,00]; 
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^+ = U Ix, for X £ M. 

Since J C C Q, by Claim l477l b) , <) is a random poset and we construct 
a maximal chain C in (P(^+ , <l), c), such that C = L. 

Claim 4.8 The sets A^, x € [—00,00] and A'^, x G M are subsets of the set A'^ 
and of Q. In addition, for each x, xi,X2 G [—00, 00] we have 

(a) A^ c (-00, x); 

(b) A+ C (-00, x), if X G M; 

(c) xi < X2 ^ £ Aj;^; 

(d) M9xi <X2^^+ £ ^X2; 

(e) |^+\A^| = |L^|-l,ifxGM; 

(f) G ^(Ato), for each x G (-00, 00]. 

(g) A+ G F{A+) and [A^, A+]p(^+ ^ = [A^, A+]p^^+y for each x G M. 

Proof. Statements (c) and (d) are true since J is a dense subset of Q; (a), (b) and 
(e) follow from the definitions of A^ and A^ and the choice of the sets ly. Since 
J n (-00, x) C C ^+ C (-00, x) n Q, (f) and (g) follow from Claim|4Jla). 

□ 

Now, for X G [—00, 00] we define chains Cx C F{A^) U {0} in the following way. 
For X ^ M we define Cx = {^x}- In particular, C^oo = {0}- 
Forx G M. using Claim l4T8] and Lemma l3.5l we obtain a set Cr- C [A^;, 74+]p^^4 

such that {Cx,Q = {Lx,<x) and 

Ax,A^ G Cx C [^X) ]p(yl+ ) ) (16) 

{JA,f]BeCx and | fl ^ \ U -41 < 1, for each cut in (17) 

For A, Be P(A+ ) we will write A^BmA<^B, for each Ae AandB e B. 

Claim 4.9 Let C = U..6[-oo,oo] Then 

(a) If -00 < xi < X2 < 00, then Cx^ ^ Cx^ and U Cx^ C ^ U ^X2- 

(b) /: is a chain in (P(^+ ) U {0}, c) isomorphic to L = Exe[-oo,oo] 

(c) £ is a maximal chain in (P(^+ ) U {0}, c). 

Proof, (a) Let A G Cx^ and B G £1^2. If xi G (-00, 00] \ M, then, by ([Hll and 
Claim use) we have A = Ax^ ^ Ax^ C B. If xi £ M, then, by (O and Claim 
I4.8f d). ^4 C yl^j ^1^2 ^- The second statement follows from Ax^ G £a;2- 

(b) By (a), ([-00,00], <) = {{Cx : x G [-00,00]}, -<). Since Cx = Lx, for 
X G [-00,00], we have ^ Exe[_oo,oo]('Cx, = Exehoo.oo] = L. 

(c) Suppose that C G P(j4+ ) U {0} witnesses that C is not maximal. Clearly 
C = AOB and A B, where ^ = G £ : A £ C} and S = G £ : 
C ^ B}. Now G £-00 and, since 00 G M, by (QH) we have yl+ G £oo- Thus 
0, G £, which implies ^, 7^ and, hence, {A, B) is a cut in (£, By (O 
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we have {A^ : x £ (-00, 00]} C £ \ {0} and, by Claim glta), f]{C \ {0}) C 
nxG(-oo,oo] C nxG(-oo,oo](-oo,a:) = 0, which implies A / {0}. Clearly, 

U^cCcfl^- (18) 

Case 1: A Pi Cxg ^ and B n Cxo / 0> for some xq € (— oo, oo]. Then \£xo I > 1> 
xo G M and n Cxo,B n ^^..o) is a cut in /^^.p satisfying ([TT] ). By (a), ^ = 
Ux<xo U n £3;^) and, consequently, \JA = [j{An Cx^) € C Similarly, 
f]B = f]{B n Cxo) e £ and, since | fl \ U -4| < 1, by dl) we have C e C. A 
contradiction. 

Case 2: -< Case 1. Then for each x € (— 00, cxd] we have Cx C ^ or Cx C B. Since 
£ = ^ U fi, ^ 7^ {0} and i3 7^ 0, the sets A' = {x e (-00, 00] : £^ C A} 
and 0' = G (—00,00] : £x C are non-empty and (—00,00] = A' (j B' . 
Since A < B, for xi G and X2 G B' we have £3.^ ^ £2^2 (^)' ^1 < ^2- 

Thus (^', is a cut in (—00, 00] and, consequently, there is xq G (—00, 00] such 
that xq = max^' or xq = min,B'. 

Subcase 2.1: xq = max^'. Then xq < 00 because 7^ and A = [jx<xQ 
so, by (a), U = [Jx<xo U = [jx<xo [jj^x^U £xo = U ^xo which, together 
with ( fT6b implies 

r ifxo^M, 

^ I ^i^o if^oGM. ^^^^ 

Since e = U.e(.o,oo] we have Q ^ = n.G{xo,oo] (1 ^x- By CS H = A., 

so wehaven^= (nxe(xo,oo](-oo,3;) n J) U (na'G{a;o,oo] Uj/GMnC-oo.aO^y) = 
((-00, xo] n J) U U yeMn{-oo,xo]Iy = ^xo U {{xq} n J) U U yeMn{xo}Iy^ so 



Axo if Xo ^ J A Xo ^ M, 

Axo U {xo} if Xo G J A Xo ^ M, 

yl+ if Xo ^ J A Xo G M, 

^to U {2:0} if Xo G J A Xo G M. 



(20) 



If Xo J, then, by (HI]), (HSll and we have U-4 = n'S = CG£. A 
contradiction. 

If Xo G J and xo M, then U = and fl = U {xo}. So, by (fTSl ) 
and since C ^ Cwe have C = P| S. But, by Claim [481 a), xo = maxP| ,6 so, by 
ClaimSjIc), C P(A+ ). A contradiction. 

If Xo G J and xo G M, then [j A = A^^ md f]B = ^+ U {xo}. Again, by 
([TSl l and since C £ we have C = H -S- By Claim 14. Sfo ). xo = max P| ;B so, by 
ClaimSjIc), C P(A+ ). A contradiction. 

Subcase 2.2: xq = minS'. Then, by (fT6l ). Ax^^, G £3:0 C S which, by (a), im- 
phes f]B = Axiy Since Ax G Cx, for x G (—00, 00] and A = Ua;<2,o ^x we have 

U "4 = U<xo U 13 Ux<xo = U<xo ((-OO' 2;)n J)UU^<^^ UyGMn(-oo,x) -^y 
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= ((-oo,3;o)nJ)uUygMn(-oo,xo) h = so^xo c[jAcf]B = A'o, which 
implies C = Ax^ £ C A contradiction. □ 

Case II: — oo M ^ oo. Then Loo = {maxL} and the sum L + 1 belongs to 
Case I. So, there are a maximal chain C in (P(D) U {0}, c) and an isomorphism 
/ : (L + 1, <) ^ {£, C). Then A = /(maxL) e P(B) and C = f[L] ^ L. By 
the maximality of C, CJ is a maximal chain in (P(A) U {0}, c). 

Case III: -oo G M. Then L = Exe[-oo,oo] (LI) and (L2) of Claim|Uhold 
and 

(L3') L_oo is a countable complete hnear order with Ol_^ non-isolated. 
Clearly L = L_oo + L+, where L+ = E:.e(-oo,oo] = Ej,e(o,oo] ^iny (here 
In oo = oo). Let Ly, y € [— oo, oo], be disjoint linear orders such that Ly = 1, for 
y € [-00, 0], and L'y ^ U^y, for y e (0, oo]. Now Es;e[-oo,oo] L'y = [-oo, 0] + 
L+ belongs to Case I or Case II and we obtain a maximal chain C in P(D) U {0} 
and an isomorphism / : ([— oo, 0] + L+, <) — {C, c). Clearly, for Aq = /(O) and 
£+ = /[L+] we have Aq e C and C+ ^ L+. 

By (L3') and the fact that (b) =^ (a) for countable L's, P(^o) U {0} contains a 
maximal chain £_oo — -^-oo- Clearly S J~--oo and >C_oo U = L_oo + = 
L. Suppose that B witnesses that £-oo U is not a maximal chain in P(B) U {0}. 
Then either Aq ^ B, which is impossible since C is maximal in P(I])) U {0}, or 
B ^ Aq, which is impossible since C^oo is maximal in P(Ao) U {0}. □ 

5 Maximal chains in P(B„) 

Theorem 5.1 For n G N and each M-embeddable complete linear order L with Ol 
non-isolated there is a maximal chain in (P(]B„) U {0}, c) isomorphic to L. 

Proof. Let the order on B„ = U Qj = Ui<n{^} x Q be given by 

{ii,qi) < («2, ^2) <^ n = -12 A gi <q q2. 

Clearly, (Q, <q) =/, (Qi,<), where fi{q) = {i,q), for all g G Q and, hence, 
F(Qi) = {{i} X C : C £ P(Q)}. If / : Bn B„, then for each i < n the 
restriction /|Qi is an isomorphism, thus there is ji < n such that f[Qi] C Qj^ and, 
moreover, f[Qi] G P(Qj.). Clearly, ii ^ 12 implies / ji^ and, thus, we have 

n^n) = { U<„{0 X Q : Vi < n C, G P(Q)}. (21) 

Now, by Theorem 6 of lEl, there is a maximal chain C in (P(Q) U {0}, c) isomor- 
phic to L. For ^ G £ \ {0} let 

^* = ({0}x^)uUo<.<„WxQ. (22) 

By (EB we have C* = {A* : A £ C \ {%}} U {0} C P(B„) U {0} and, clearly, 
C) is a chain in (P(B,„) U {0}, c) isomorphic to (£, c) and, hence, to L. 
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Suppose that some C = Ui<n{0 £ P(B„) witnesses that C* is not a maximal 
chain. By (EB and (ESl C C ClAecxm ^* would imply P(Q) 9 Co C f]{£\{0}), 
which is impossible (£ is a maximal chain in P(Q) U {0} and Co\F £ P(Q) for 
each finite F C Co). Thus there is A G £ \ {0} such that A* C C and, by (l22l ). 

C = {0}xCoUUo<.<nWxQ. (23) 

Since C* U {C} is a chain, for each A G £ \ {0} we have A* C C V C C A* 
which together with (l22l ) and (|23] ) impUes ^ C Co or Co C A. A contradiction to 
the maximality of £. □ 

Theorem 5.2 For each M-embeddable complete linear order L with l non-isolated 
there is a maximal chain in (P(]Btj) U {0}, c) isomorphic to L. 

Proof. Let j;o = oo, let (x„ : n G N) be a descending sequence in M \ Q without a 
lower bound and let = (Q, <cj) = \Jj^^^{{xi+i,Xi) n Q, <i) where 

qi 92 ^ 3i G a; {qi,q2 G {xi+i,Xi) A qi <q 92)- 

Then for the sets Qi = (xj+i, n Q, z G w, we have {Qi, <«) = {Q, <q), which 
implies F{Qi, <i) = P(Q, <q). As in the proof of Theorem |57T] we obtain 

P(Bc.) = {Ug5 Ci-.Se [u]^ A^ieS de P(Qi)}. (24) 

Let L be a linear order with the given properties and, first, let \L\ = uj. Clearly 
the family Dense(Qj) of dense subsets of Qi is a subset of P(Qi) and by (l24l ) we 
have T = { [j^^^ Q : Vi G a; d £ Dense(Qi)} C f{M^). It is easy to check 
that P is a positive family on Q so, by Theorem I2.2f b). there is a maximal chain in 
(P(B^^) U {0}, C) isomorphic to L. 

Now, let |L| > uj. Then, by Claim l42l we can assume that L = J2x&[-oo 00] 
where conditions (L1-L3) from Claim |42] are satisfied. We distinguish two cases. 

Case 1: —00 ^ M. Then, by the construction from [8 1 (if (0, 1] is replaced by 
(-00, 00] and by Q), there is a maximal chain C in (P(Q) U {0}, c) such that 

G £ \ {0} 32; G (-00, 00] {A C (-00, x) A A is dense in (-00, x)) (25) 

and C = L. Now we prove 

£\{0} CP(B^) cP(Q,<q). (26) 

Let A G £ \ {0}, let X be the real corresponding to A in the sense of (1251 ) and let 

«o = min{z G oj : (— oo,x) PI {xi+i,Xi) ^ 0}. Then Xj^+i < x < Xj^ and, by 
(I25] ) the set Cjg = ^ n (xj„_(_i, x) is dense in (xj^+i, x) and, hence, Cj^ G P(Qi„). 
Similarly, d = A f] (xi+i,Xi) G P(Qi), for all i > iq. Since ^ C Q, we have 
A = |J->. d and, by (|24ll, A G P(B^). So the first inclusion of ^ is proved. 
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Let C = Uigs Ci G P(]B^). By (El for each i e S we have Q ^ Qi ^ Q 
and, hence, C = Q = Q. The second inclusion of (l26l) is proved as well. 

By (|26ll we have C C P(B^) U {0} C P(Q, <q) U {0} and, clearly, Cis a chain 
inP(]B^)U{0}. Suppose that /:u{C} is a chain, for some C G (P(]B;^) U {0}) \/:. 
Then, by (l26l ). C G P(Q, <q) and £ would not be a maximal chain in the poset 
(P(Q, <q) U {0}, C). So £ is a maximal chain in {F{B^) U {0}, c) and £ ^ L. 

Case 2: — cxo G M. Then we proceed as in (III) of the proof of Theorem 14. II □ 

6 Maximal chains in f{Cn) 

Theorem 6.1 For all n G N and each R-embeddable complete linear order L with 
Ol non-isolated there is a maximal chain in (P(C„) U {0}, c) isomorphic to L. 

Proof. Let the order < on C„ = Q x n be given by (gi, ii) < ((72, ^2) <^ Qi <Q 
q2. Clearly, the incomparability relation a\\b a ^ b A 6 a on C„ is an 
equivalence relation with the equivalence classes {q} x n, g G Q, of size n and the 
corresponding quotient, C„/||, is isomorphic to (Q, <q). Since each element of 
P(C„) has such classes we have P(C„) = {A x n : A £ P(Q, <q)}. It is easy to 
see that the mapping / : P(Q, <q) U {0} P(C„) U {0}, given by f{A) = Axn, 
is an isomorphism of partial orders (P(Q, <q) U {0}, c) and (P(C„) U {0}, c). 
Hence the statement follows from Theorem 6 of |i8j. □ 

Theorem 6.2 For each M-embeddable complete linear order L with l non-isolated 
there is a maximal chain in {F{Cui) U {0}, c) isomorphic to L. 

Proof. Let the strict order < on = Q x a; = [jq^Q{q} x uj = UgeQ'^g 
be given by {qi,ii) < {q2,i2) Qi <Q Q2- For a set X C C^^ let us define 
suppX = {q £ Q : X n ujq ^ (/}}. Now the incomparability classes Uq are infinite 
and, again, the corresponding quotient, Ctj/||, is isomorphic to the rational line 
(Q, <(q). Since the same holds for the copies of C^i it is easy to check that 

nCu) = {{jqeAU} X : A G P(Q, <q) A G ^ G [uf}. (27) 
X CC^A there is maxsuppX ^X ^ P(C^). (28) 

Bym,V = {UgeQ{'?} X : Vg G Q Q G [cj]'^} C P(C^) and, clearly, V is a 
positive family so for a countable L the statement follows from Theorem I2.2f b). 

Now, let L be an uncountable linear order. Then, by Claim 142] we can assume 
that L = J2xe[-oo 00] where conditions (L1-L3) from Claim |4!2] are satisfied. 

Case I: —00 M 9 00. Let Q = IJj/eA/ -^y ^ partition of Q into \M\ disjoint 
dense sets and, for y G M, let ly G [Jy D {—oo,y)]^^y^~'^. Let {—oo,x)q = 
(—00, x) n Q and uj^ = u \ {0}. Let us define A^^o = and, for x G (-co, 00], 

A^ = ((-00, x)q X UJ+) U UyGMn(-oo,x) x {0}, 
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A+ = Ar, U (4. X {0}), for xeM. 

By (l27l) . = and we will construct a maximal chain C = L in the poset 
(P(A+ ) U {0}, C). By dlT]), for each x G {-00, 00] and each set A C Co; we have 

(-00, j;)(Q X a;+ C yl C (-oo,x)q X =^ ^ G P(C^). (29) 



Claim 6.3 The sets Ax, x G [— 00, cxd] and A^, x ^ M are subsets of the set A^. 
In addition, for each x, xi,X2 G [—00, 00] we have 

(a) Ax C (-oo,x)q X u; 

(b) A^ C (—00, x)q X w, if X G M; 

(c) xi < X2^ Ax^ s; ^xa; 

(d) M9xi <X2^v4+ £ A^.^; 

(e) |A+\^^| = |L^|-1, ifxGM; 

(f) G IP(^i,), for each x G (-00, 00]. 

(g) A+ G P(A+ ) and [Ax,A+]^^^+ ^ = [Ax,A+] 

Proof. Statements (c) and (d) are true since Q is a dense subset of M; (a), (b) and 
(e) follow from the definitions of Ax and A'^ and the choice of the sets ly. Since 
(—00, x)q X uj^ c Ax C A+ C (—00, x)q X oj, (f) and (g) follow from (|29l ). □ 

Now, for X G [—00, 00] we define chains Cx C P(^i,) U {0} in the following way. 
For X M we define Cx = {^a;}- In particular, £-00 = {0}- 
For X G M, by Claim 1631 and Lemma [331 there is a set £^ C [Ax, A^]p^^+-^ 

such that (£^, Q = {Lx, <x) and 

^X,Ax G C [j4a;;, -J, (30) 

\JA,f]BeCx and | fl ^ \ U < 1, for each cut ^) in (31) 
For A,B C P(^+ ) we will write A^BiffA'^B, for each A G ^ and 5 G 

Claim 6.4 Let = U.e[-oo,oo] Then 

(a) If —00 < xi < X2 < 00, then Cx-^ ^ Cx2 and U ^^.j C Ax2 C |J £a;2- 

(b) £ is a chain in (P(^+ ) U {0}, c) isomorphic to L = J2xe[-oo,oo] ^x- 

(c) £ is a maximal chain in (P(^+ ) U {0}, c). 

Proof. The proof of (a) and (b) is a copy of the proof of (a) and (b) of Claim [4!9l if 
we replace ^ and ClaimgUby ^ and ClaimO 

(c) Suppose that C G P(A+ ) U {0} witnesses that C is not maximal. Using 
^ and ClaimlO as in the proof of Claimgltc) for A = {A e £ : A ^ C} and 

B = {B € C:C <^ B}we show that {A, B) is a cut in (£, Q, A 7^ {0} and 



\}A^C d^B. 



(32) 
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Case 1: An C^o ^ ^ / 0' for some 2:0 G (—00, 00]. Then we obtain 
a contradiction exactly like in Claim l4!9l 

Case 2: Case 1. Then like in Claim 1491 for A' = {x ^ (—00, 00] : Cx C A} and 
B' = {x £ (—00, 00] : Cx C B} we show that {A', B') is a cut in (—00, 00]. Thus, 
there is xq € (—00, 00] such that xq = max>l' or xq = mvnB' . 

Subcase 2.1: xq = max^'. Then like in Claim 1431 we prove 

At, ifxoGM. ^^^^ 
Since S = U.e(.o,oo] we have []B = n.e(.o,oo] fl ^x- By (EO]) H = A^, 

so n S = (fl xe(xo,oo] (-00, x)q X W + ) U (fl a;e(xo,oo] U 3^eA/n(-oo,x)^3/ X {0}) = 

((-oo,2;o]q X a;+) U U j/eMn(-oo,xo]^s/ x W = ^xo U (({xq} n Q) x w+) U 
{^yeMn{xo}Iy x {0}, so 



^xo if xo ^ Q A xo ^ M, 

U ({xo} X w+) if xo e Q A xo ^ M, 

^+ if xo^Q A xoGM, 

-4^0 u ({xo} X w+) if Xo e Q A Xo e M. 



(34) 



If xq Q, then, by (I32H34I ). we have [jA = ^B = C£C.K contradiction. 

If xq € Q and xo ^ M, then {] A = A^, m& {^B = A^, U ({xo} x uj+). So, 
by (l32ll and since C ^ Cvje. have C = A^-q U S, where / S" c {xo} x By 
Claim [631 a), xq = maxsuppC so, by ( [28] ). C P(y4+ ). A contradiction. 

If Xq G Q and xo G Af, then [] A = A+, wd [^B = A+ U ({xo} x uj+). 
Again, by ( [321 ) and since C ^ Cssie have C = U S", where ^ ^ S d {xq} x 
By Claim l6.3f b). xq = maxsuppC so, by ([28l) . C ^ P(A+ ). A contradiction. 

Subcase 2.2: xq = min^B'. Then, by ([30l ). G £x.o C ;B which, by (a), imphes 
Pi ^ = ^XQ- Since A^ G for all x G (—00, 00] and A = Uz<xo have 

U -4 ^ Ux<xo = U<r.o ((-°°' ^ ^ Ux<xo UyeMn(-oo,x) ^ {0} = 

((-00,Xo)QXW+)UUj^^Mn(-oo,xo) -^J/X{0} = ^xo so^^o C U-4 C (H^ = Ax,, 
which implies C = Ax, G A contradiction. □ 

Case II: — oo ^ M ^ oo or — oo G M. Then we proceed like in Claim [4!9l □ 
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